We show a general method to solve 2+1 dimensional dilatonic MaxwellEinstein equation with a positive or negative cosmological constant. All the physical solutions are listed with assumptions that they are static, rotationally symmetric, and has a nonzero magnetic field and a nonzero dilaton field. On the contrary to the magnetic solution without a dilaton field, some of the present solutions with a dilaton field possess a horizon.
The discovery of the black hole solution by Bañados, Teitelboim and Zanelli(BTZ) [1, 2, 3] has generated a great interest in the 2+1 dimensional theory. The solution was obtained assuming the negative cosmological constant and it can be formulated as the string theory [4, 5] . The black hole solution would be a black string by the duality transformation. Since the discovery by BTZ, many people have tried to extend the theory so that it could incorporate other fields such as the electromagnetic fields [6, 7] and the dilaton field [8, 9] . The characteristic feature of 2+1 dimensional theory with the electromagnetic field lies in its asymmetry of the electric fields and the magnetic field. While there are two electromagnetic field components, there is only one magnetic field in the 2+1 dimensional theory. This should be contrasted with the 3+1 dimensional theory where there exixt a symmetry between electric fields and magnetic fields. Although there is no duality-like relation between the electric and magnetic fields, we can introduce an idea of duality in the subspace of the 2+1 dimensional spacetime [6] . Lately an exact solution with a magnetic charge is discussed in refs. [9, 10] . In ref. [10] , the magnetic solution accompanied with negative cosmological constant was shown, and found that there is no horizon. In this sense this is a particle-like solution and might be called a monopole solution. It is well known that the introduction of the dilaton field drastically changes the spacetime structure in 3+1 dimensions. Therefore, also in 2+1 dimensions, it is worthwhile to pursue how the solutions might be modified when we incorporate a dilaton field. In ref. [9, 11] the solution was obtained by resorting to the duality transformation. The solution including a magnetic charge was obtained from the solution with an electric charge discussed in [8] . Since the electric solution was constructed by adopting the ansatz on the dilaton field, the magnetic solution obtained by use of the duality transformation is just a class of exact solutions with a magnetic charge. We are not sure to which extent the solution is general. Therefore it is desirable to obtain solutions without assuming any ansatz except the rotational symmetry and static condition. The complete list of solutions would be useful to construct and understand the string theory connected by the duality. These motivate the present work. We shall obtain the general magnetic solutions without resorting to the duality transformation in this paper. In order to get general solutions we apply the method used to construct the solutions to the dilaton theories coupled to gravity and gauge fields [12] , where the solutions were exactly solved by introducing a new variable instead of the radial coordinate variable. The introduction of new variable simplifies the equations to a great extent. We apply the same technique to solve the present solution.
Consider a general metric class of massless dilaton theories coupled to gravity accompanied with a cosmological constant Λ and U(1) gauge field of which the action is given by
where a, b and B are constants. We seek static solutions with rotational symmetry by introducing the coordinates
where σ and ω are functions of the radial coordinate variable r. In order to find a magnetically charged solution, we assume that the only nonzero component of gauge potential is A φ which yields a magnetic field. The Einstein equation and the field equations lead to
where the prime denotes an r-derivative. We first integrate eq. (7) to obtain the magnetic field in the coordinate basis
where q is a constant of integration. We have taken a unit such that 8πG = 1. This system of differential equation admits complete integration. We introduce a new variable z by the following equation as in ref. [12] :
The outline of solving the above system of differential equations is as follows. First we rewrite the above differential equations to those with zderivatives, and then we integrate to obtain unknown functions in terms of the z variable. Finally we connect z with r by integrating above definition of z.
The above equations can be rewritten by use of z variables as
where the dotted fields represent derivatives with respect to z and the two dotted the second order derivatives. Assuming 4a = b, we obtain from eqs. (10) and (11)σ
Integrating this equation, we find that the linear combination of σ and φ is expressed as
where c 1 and z 1 are constants of integration. We shall next solve the equation for a linear combination of σ and ω. For this purpose we derive a second order differential equation for a function f := e (σ−ω)/2 . Assuming 2B = b 2 , we get from (12) and (15)
The use of definition of z makes it possible to derive an equation only for z variable:
This is integrated to yieldḟ
where k is a constant.
In the integration of the above equation, the solutions are classified in accordance with the value of D := c 2 1 − 4k being (i)negative, (ii)zero or (iii)positive. In each case, we can easily integrate eq.(9) to express r in terms of z. So far we have not specified the sign of the cosmological constant. In deriving the physical solutions in each case, we need to assign the sign. We label the negative Λ case as (I) and positive one as (II). The solutions are classified by the values of D and Λ. For the case(I-i), i.e. Λ < 0 and D < 0, we obtain
where c 2 = 2(c 2 1 − 4k) < 0 and z 2 are constants. The radial coordinate r is expressed in terms of z as
where the range of z is given by
The range is obtained so that this guarantees the positive f . For the case (I-iii), i.e. Λ < 0 and D > 0, the sinusoidal functions in above equations are to be taken place by hyperbolic function together with the replacement of negative c 2 by the positive one defined by c 2 = 2(c 
The radial coordinate r is given by
Here we also assume that the range of z is limited from below by z > z 2 . The solutions here might be regarded as the c 2 = 0 limit of the case (I-i).
We can also obtain the solution for the case (II-iii), i.e. Λ > 0 and D > 0. The solution is given by
where c 2 = 2(c 2 1 − 4k) > 0. The radial coordinate r is given by
where z ≥ z 2 is assumed. There are no counterparts of (I-i) and (I-ii) in positive Λ case because we can not have real r in these cases. We shall further solve the system of equations for the case (I-i) and the method is also applicable to other cases. Using 4a/b = 1, we obtain from eqs. (10) and (16)
Substituting the solution (19), we get the Liouville equation
where y is given by
We can easily integrate eq.(27) to get σ as
where c 3 and z 3 are constants of integration. From this solution with (19), we obtain ω as
The use of (15) leads to expressing the dilaton field by z as
Finally the magnetic field is also expressed in terms of z as
In the similar way we obtain the solutions for (I-ii), (I-iii) and (II-iii) cases. Of the Einstein equations, one remaining equation is used to obtain a condition between constants appearing in solutions. From eq. (11) with eqs. (10) and (12), we get,
which brings about c 2 1
In other cases, we get the same conditions with a slight modification of the sign of the constants. For all cases (I) and (II) c 3 > 0, and c 2 is negative for (I-i), zero for (I-ii) and positive for (I-iii) and (II-iii). This shows that the case (I-ii), where c 2 = 0 in the above equation, should be excluded from our non-trivial solution lists. We shall now discuss the allowed range of r which comes from the positivity condition of f. In (I-i) case the allowed range of r is given by
corresponding to eq.(21). Here r min is given by
We can easily show that e −ω = 0 at r min , which indicates that the lower bound is the position where the horizon is located at. In case (I-iii), we find that the allowed range of radial coordinate is all the positive region, and that e −ω > 0 for the region. This shows that the case does not fall into the solution with horizon, and we may call it a particle-like solution. This may be interpreted as a monopole as in ref. [10] . In the remaning case (II-iii), r is limited from above at the horizon.
We shall now concentrate on (I-i) case because this is the only solution outside of the horizon, with asymptotic region. Note that
Then we find that the asymptotic behavior of the metric is given by
which does not coincide with that of BTZ solution with vanishing angular momentum, or anti-de Sitter spacetime. In order to discuss the mass we follow the formalism developed by Brown and et al. [13, 14] . The quasilocal mass is obtained as the conserved charge corresponding to the timelike Killing vector. In defining the quasilocal mass, there is an ambiguity coming from possible additional action at the boundary. Here we assume no contribution from the boundary, and we get the quasilocal mass
which is proportional to f . We then find that the quasilocal mass asymptotically behaves as M ∼ r.
We can relate the magnetic fieldB in the orthnormal basis to B in the coordinate basis byB = r −1 e −ω/2 B. We define the magnetic charge by
where we switch off the effect of the dilaton field by setting a = 0. We then obtain
The asymptotic behavior of dilaton field is
In the derivation of the present solutions we have assumed that there hold relations 2B = b 2 and 4a/b = 1. They are satisfied by the string theory where a = 1, b = 4 and B = 8. The fact that we could solve the system under the relations might suggest the integrability of the string theory.
To conclude, we have exhausted and classified all the physical solutions to the 2+1 dimensional dilatonic Einstein equation with a magnetic charge for positive and negative cosmological constant under the static and rotationally symmetric assumption. One of the solutions possesses a horizon and has its validity outside the horizon. The magnetic field behaves asymtotically as 1/r and the dilaton field as − 1 2 log r when b = 4. Besides the dilaton field, we also find that the mass diverges asymptotically as far as we suppress the contribution from the boundary. We also find a solution with negative cosmological constant which does not have an event horizon, and so it is a particle-like solution. In addition to these solutions with negative cosmological constant, we obtain a solution with positive cosmological constant which is valid only inside of the horizon. The technique used here is also applicable to dilatonic Einstein equation with an electric field or both electric and magnetic fields. When we adopt the values of a, b and B obtained in the string theory, we can discuss the general solution without introducing any assumption besides the static and rotational symmetry assumption. This will be published in the forthcoming paper.
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